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Summary. Let y? n : C n x C n -> C, p n ((ari, ar„), (j/i, j/ n )) = (a* - ?/i) 2 + ... + 
(x n — y n ) 2 . We say that / : IR n — > C n preserves distance d > if for each G 1" 
cp n (x,y) = d 2 implies <Pn{f{x),f{y)) = d 2 . Let A n denote the set of all positive 
numbers d such that any map / : W 1 — > C n that preserves unit distance preserves 
also distance d. Let D n denote the set of all positive numbers d with the property: 
if x, y G W 1 and \x — y\ — d then there exists a finite set S xy with {x, y} C C M n 
such that any map / : Sxy — » C™ that preserves unit distance preserves also the distance 
between x and y. Obviously, D n C A„. We prove: (1) A„ C {d > : d 2 G Q}, (2) for 
n > 2 D„ is a dense subset of (0, oo). Item (2) implies that each mapping / from W 1 
to C n (n > 2) preserving unit distance preserves all distances, if / is continuous with 
respect to the product topologies on M n and C n . 



The classical Beckman-Quarles theorem states that each unit-distance preserving 
mapping from R n to M n (n > 2) is an isometry, see [I], 0, [El and [10]. By a complex 
isometry of C n we understand any map / : C™ — > C n of the form 

Z2, z n ) = (^i, z 2 , z n ) 

where 

4 = a 0j + a li 2 l + a 2i^2 + ••• + flnj^n (j = 1, 2, 7l), 

the coefficients are complex and the matrix ||ay|| = 1,2, ...,n) is orthogonal 
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i.e. satisfies the condition 

n 

^0^ = ^ (ji,u = 1,2, ...,n) 

with Kronecker's delta. Let y9 n : C n x C n — > C, <£> n ((xi, ...,rr n ), (7/1, ...,y n )) = 
(xx — yi) 2 + ... + (x n — y n ) 2 - The function <£> n is not the square of a distance because 
it admits values that are not real. Nevertheless, according to (4] cp n (x,y) is invariant 
under complex isometries i.e. for every complex isometry / : C n — > C™ 

Vx,?/GC n <p n (f(x),f(y)) = (p n (x,y). 

Therefore, we say that / : W 1 — > C n preserves distance <i > if for each x, y G M n 
2/) = rf 2 implies (p n (f(x), f(y)) = d 2 . 

By a field endomorphism of C we understand any map g : C — > C satisfying: 

Vx,?/GC g(x + y) = + 0(2/), 
Vx, y E C g(x ■ y) = g(x) ■ g(y), 
9(0) = 0, 
5(1) = 1- 

Bijective endomorphisms are called automorphisms, for more information on field en- 
domorphisms and automorphisms of C the reader is referred to p] and jTHJ - If r is a 
rational number, then g(r) = r for any field endomorphism g : C — > C. Proposition 1 
shows that only rational numbers r have this property: 

Proposition 1. If r G C and r is not a rational number, then there exists a field 
automorphism g : C — » C such that <?(r) 7^ r. 

Proof. Note first that if is any subfield of C and if g is an automorphism of E, then g 
can be extended to an automorphism of C. This follows from [5, corollaire 1 on p. 109] 
by taking Q = C and K = Q. Now let r e C \ Q. If r is algebraic over Q, let £ be the 
splitting field in C of the minimal polynomial /x of r over Q and let r' G -E be any other 
root of fi. Then there exists an automorphism g of E that sends r to r', see for example 
[7, corollary 2 on p. 66]. If r is transcendental over Q, let E = Q(r) and let r' G E be 
any other generator of (e.g. r' = 1/r). Then there exists an automorphism g of E 
that sends r to r'. In each case, g can be extended to an automorphism of C. 

If g : C — > C is a field endomorphism then (^r, ...,(?|r) : M n — >■ C n preserves all 
distances a/t with rational r > 0. Indeed, if (xi — y\) 2 + ... + (x n — y n ) 2 = (y/r) 2 then 
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¥n((g\R, ...,g\sL)(x!, ...,x n ), (g\ R , ...,g\R)(yi, •••,1/™)) = 

Vndgixi), ...,g(x n )), (g(yi), ...,g(y n ))) = 

(g(xi) - g(yi)) 2 + ••• + (g(x n ) - g(y n )) 2 = 

{g{xi-yi)f + ... + {g{x n -y n )) 2 = 

g((xi -yif) + ••• +g((x n -y n f) = 

9((xi - yif + ••• + (x n - y n f) = g((Vr) 2 ) = g(r) = r = (Vr) 2 . 

Theorem 1 shows that we cannot expect a result like that of Beckman and Quarles: 

Theorem 1. If x, y G R n and \x — y\ 2 is not a rational number, then there exists 
/ : R n — > C n that does not preserve the distance between x and y although / preserves 
all distances \fr with rational r > 0. 

Proof. There exists an isometry / : R n — > R™ such that I(x) = (0,0, ...,0) and I(y) = 
(\x — y\,0, ...,0). By Proposition 1 there exists a field automorphism g : C — > C such 
that — y\ 2 ) 7^ |rr — y| 2 . Thus g(\x — y\) ^ \x — y\ and — y|) ^ —\x — y\. Therefore 
(<7|r, <7|r) : R n — > C™ does not preserve the distance between (0,0, ...,0) G R n and 
(\x — y\,0, ...,0) G R™ although (<7|r, <7|r) preserves all distances v^r with rational 
r > 0. Hence / := (g\^, <7|r) o / : R n — > C n does not preserve the distance between 
x and |/ although / preserves all distances y/r with rational r > 0. 

Let A n denote the set of all positive numbers d such that any map / : R n — ■> C n that 
preserves unit distance preserves also distance d By Theorem 1 A n C {rf > : d 2 G Q}. 
Let D n denote the set of all positive numbers d with the following property: 

if x,y G R™ and \x — y\ — d then there exists a finite set S xy with {x, y} C S xy C R n 
such that any map / : — > C™ that preserves unit distance preserves also the distance 
between x and y. 

In case of \x — y\ — 1 we define := {x, y}. Thus, 1 G -D n . Obviously, D n C A n . 

We shall study the set D n and a unit-distance preserving mapping / from R n to C n . 
We need the following technical Propositions 2-7. 
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Proposition 2 (cf. 0, 0)- The points ci = (zi,i, z 1>n ), c n+1 = (z n+1) i, z n+1>n ) G 
C n are affinely dependent if and only if their Cayley-Menger determinant A(ci, c n+ i) := 



det 



1 1 

1 <fn(ci,C 2 ) 
1 <^n(c 2 ,Ci) 



1 tp n (Cn+l, Cl) V9 n (c n+ i,C 2 ) 

equals 0. 

Proof. It follows from the equality 



V?„(ci,c n+ i) 

V?n(c2,C n+ i) 





/ 



det 



^1,1 2l,2 ••• 2 l,n 1 

#2,1 ^2,2 ••• #2,n 1 



\ |_ ^n+1,1 ^n+1,2 ••• £n+l,n 1 J / 



\n+l 



A(Ci, C n+ i). 



Proposition 3 (cf. For any points Ci,...,c n+ fc G C n (A; = 2,3,4,...) their 

Cayley-Menger determinant equals i.e. A(ci, ...,c n+ fc) = 0. 

Proof. Assume that ci = (2:1,1, zi jn ), c n+k = {z n+k ,i, z n+k , n )- The points ci = 

(Zl !, 2 ljn , 0, 0), C2 = (^2,1, ^2,n, 0, 0),..., 0,...,0) G 

(j^n+fc-i are a fg ne iy dependent. Since ip n (ci,Cj) = ip n+ k-i(ci,Cj) (l<i<j<n + k) 
the Cayley-Menger determinant of points ci, ...,c n+k is equal to the Cayley-Menger 
determinant of points ci, c n +k which equals according to Proposition 2. 

From Proposition 2 we obtain the following Propositions 4a and 4b. 

Proposition 4a. If cf, e > with 2ne 2 7^ {n — l)d 2 and if points c , c n G C n satisfy 
ip n (ci,Cj) = d 2 for 1 < i < j < n and (p n (c ,Ci) = e 2 for 1 < i < n, then the points 
Co, c n are affinely independent. 

Proposition 4b. If d > 0, Ci, c 2 , c 3 G C 2 and </?2(ci,c 2 ) = 3d 2 , ^2(^,03) = llci 2 , 
( ^2(c2,c 3 ) = 25ci 2 , then Ci, c 2 , c 3 are affinely independent. 

Proposition 5 (cf. |lj p. 127 in the real case). If points c , Ci,...,c n G C n are 
affinely independent, x,y G C n and y9 n (x, c ) = ^ n (y,c ) 3 y> n (x, ci) = </? n (y, ci),..., 
tp n (x, c n ) = ip n (y, c n ), then x = y. 
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Proof. Computing we obtain that the vector xtj := [si, s n ] is perpendicular to 
each of the n linearly independent vectors Cqc\ (i = l,...,n). Thus the vector x% is 
perpendicular to every linear combination of vectors Cqc\ (i = l,...,n). In particular, 
the vector xtj = [s\, ...,s n ] is perpendicular to the vector [si,...,s n ], where si,...,s n 
denote numbers conjugate to the numbers Si, ...,s„, respectively. Therefore xt/ = 
and the proof is completed. 

Proposition 6a. The set j (VTl/5) k ■ (V3 )' : k, I E {0, 1, 2, ...} j is a dense subset of 
(0,oo). 

Proof. It suffices to prove that |ln 3 (^(^) k • 3M : k, I E {0, 1,2, ...}| is a dense subset 
of BL Computing we obtain the set {/ + k ■ ln 3 (||) : k,l E {0, 1,2, ...}} which is a 
dense subset of R due to Kronecker's theorem (|8|), because ln 3 is irrational and 
negative. (If there were a,b E {1,2,3...} with ln 3 (||) = — |, then we would have 
3 a ■ ll b = 25 fe , which is impossible.) 

Analogously we obtain: 

Proposition 6b. If n E {3,4,5,...} then \^2 + 2/n ■ (2/n)' : k, I E {0,1,2,...}| 
is a dense subset of (0, oo). 

Proposition 7. For each n E {3,4,5,...} there exists k{n) E {0,1,2,...} such that 



1/2 < (2/n) ■ L/2 + 2/n \ 



< 1. 

Proof. It is easy to check that 

k(n) :=min|m E {0,1,2,...} : 1/2 < (2/n) ■ (y/2 + 2/n 
satisfies our condition. 

As a basic tool for our considerations we shall use the following lemma: 

Lemma 1. Let n E {2,3,4, ...} and d,e E D n such that 2ne 2 > (n — l)d 2 , and define 



r := y4e 2 — 2 1L ^-d 2 . If there exists e E D n with e < 2r, then r E D n . 

Proof. We may assume that e ^ r. Let x,y E M n , \x — y\ — r According to |2|, p. 19, 
there exist points pi, ...,p n ,y, pi, ...,p n E M. n such that: 
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k -Pi\ = \y -Pi\ = e (i < * < n )i 

|pi = d (1 < i < j < n), 
\x-y\= r, 

\y-y\ = e, 

\x~Pi\ = \y~Pi\ = e (1 < i < n), 
\pi-Pj\ = d (1 < i < j < n). 



Let 



S X y '■— Syy U S xpi U Sy pi U Sp iPj U S xpi U S ypi U 

l<i<j'<n 



Pi 



i=l 



i=l i=l l<i<j<n i=l 

and / : — > C n preserves unit distance. Since 

n n 

S X y 2 U S'xpi U [J 'S'j/Pi U [J 5'p l p J 

l<i<j'<n 



i=l 



i=l 



we conclude that / preserves the distances between x and Pi (1 < i < n), y and 
Pi (1 < « < and all distances between pi and pj (1 < i < j < n). Hence for 
all 1 < i < n <fn(f(x),f(pi)) = l fn{f{y)J{Pi)) = e 2 and for all 1 < i < j < n 
<Pn(f(Pi),f(Pj)) = d 2 . Since S xy D S y y we conclude that <p„(f(y),f(y)) = e 2 . By 
Proposition 3 the Cayley-Menger determinant A(f(x),f(pi),...,f(p n ),f(y)) equals 0. 
Therefore 



det 






1 


1 


1 . 


. 1 


1 


1 


1 





e 2 


e 2 . 


. e 2 


e 2 


* 


1 


e 2 





d 2 . 


. d 2 


d 2 


e 2 


1 


e 2 


d 2 


. 


. d 2 


d 2 


e 2 


1 


e 2 


d 2 


d 2 . 


. 


d 2 


e 2 


1 


e 2 


d 2 


d 2 . 


. d 2 





e 2 


1 




e 2 


e 2 . 


. e 2 


e 2 






= 



where t = ip n (f(x), f(y)). Computing this determinant we obtain 

• d 2n ~ 2 -t-(nt+ (2n - 2)d 2 - 4ne 2 ) = 0. 
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Therefore 

t = Vn (f(x)J(y)) = Vn(f(y)J(x)) = r 2 

or 

t = <p n (f(x),f(y)) = <p n (f(y),f(x)) = 0. 
Analogously we may prove that 

or 

<Pn(m,m)=<p n (m,f(x)) = o. 

If t = then the points f(x) and f(y) satisfy: 

<p n (f(x)J(x))=0 = <p n (f(y),f(x)), 

<Pn(f(x), /(pi)) = e 2 = <p n (f(y), f(Pl)), 
Vn{f{x), fiPn)) =e 2 = ip n (f(y), f(Pn))- 

By Proposition 4a the points f(x),f(pi),..., f(p n ) are affinely independent. Therefore 
by Proposition 5 f(x) = f(y) and consequently 

e 2 = Mf(y), f(y)) = <Pn(f(x), f(y}) e {r 2 , 0} . 

Since e 2 ^ r 2 and e 2 ^ we conclude that the case t — cannot occur. This completes 
the proof of Lemma 1. 

As corollaries we obtain: 

Lemma 2. For n G {2, 3, 4,...}, d G £>„ and m G {0, 1, 2, ...}, (a/2 + 2/ra ) ■ d e D n . 

Proof. For e = £ = d, Lemma 1 yields r = a/2 + 2/n ■ d G -D„. This implies the 
assertion. 

Lemma 3. Let a,b G D 2 such that a < -^b. Then, \J Ab 2 — a 2 G D 2 . 

Proof. Since a < 26, we have r := \jAb 2 — a 2 > 0. Now, for e := a, from Lemma 1 we 
get the conclusion. 
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Lemma 4. For d G D 2 and / G {0, 1, 2, ...}, (v 7 ^)' ■ d e D 2 . Moreover, v 7 !! ■ d e D 2 
and 5 • d G Z^- 

Proof. The first assertion follows from Lemma 2 and the second from Lemma 3 for 
(a, b) := (d, • d) and (a, 6) := (vTT • <i, 3-d), respectively. 

Additionally, for the plane case we need: 

Lemma 5. If d G D 2 then (y/n/5) ■ d G D 2 . 

Proof. Let d G -D2, x,y G M 2 , |x — y| = (a/TT/5) • d. Using the notation of Figure 1 we 
show that 

22 22 
Sxy : = Syy U S xpi U S , yPi U S PlP2 U U Syp t U S'pjp^ 

i=l i=l i=l i=l 

where the sets corresponding to distances • d, VTT • d and 5 • d are known to exist 
by Lemma 4. 




Figure 1 
|rr — y\ = \x — y| = (vTT/5) • d 

\y-y\=d 

x-pi\ = \y-pi\ = \ x - Pi I = \y - Pi\ = V11 ■ d 

\x -P2I = |y -P2I = \x -p 2 \ = \y -p 2 \ = V3 ■ d 
\pi ~Pi\ = \p\ -P2I = 5 • d 
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Assume that / : S xy — > C 2 preserves unit distance. Since 



S X y ^ Syy U S Xpi U Sy pi U S. 



P1V2 



i=l 



i=l 



det 



we conclude that / preserves the distances between y and y, x and pi (i — 1,2), y and 
^ (i = 1,2), p 1 and p 2 . By Proposition 3, A(f(x), /(pi), /(p 2 ), /(?/)) equals 0. Thus 

1111 

1 lid 2 3d 2 * 
1 lid 2 25d 2 lid 2 
1 3d 2 25d 2 3d 2 
1 t lid 2 3d 2 

where t = <p 2 (f(x), f(y))- Computing this determinant we obtain 

2d 2 -t- {lid 2 -2U) =0. 



Therefore 



or 



t = y 2 {f{x), f( y )) = Mf(y), /(*)) = ((VT1/5) • d)' 



t = <p 2 (f(x),f(y)) = <p 2 (f(y),f(x)) = 0. 
Analogously we may prove that 

<P2(f(x),m) = <P2(m,f(*)) = ((v^i/5) -d) 



or 



<P2(f{x),f(y))=<P2{f(v),f(x))=0- 
If t = then the points f(x) and f(y) satisfy: 

<P2(f(x)J(x))=0 = <p 2 (f(y)J(x)), 

Mf(x),f( Pl )) = iid 2 = Mf(y)J(pi)), 

^{f{x),f{p 2 )) = 3d 2 = V2 {f{y),f{p 2 )). 
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By Proposition 4b the points f(x), /(pi), fipi) are afiinely independent. Therefore by 
Proposition 5 f(x) = f(y) and consequently 



d 2 = V2 (f(y)jm = Mf(x)jm£{((vn/5)-d) , o 

oince d 2 ^ ((vTT/5) -d) and d 2 ^ we conclude that the case t = cannot occur. 
This completes the proof of Lemma 5. 

Now we obtain: 

Theorem 2a. If x, y G M 2 and \x — y\ = (vTT/5) fc • (a/3 )' (k,l are non-negative 
integers), then there exists a finite set S xy with {x, y} C S xy C R 2 such that each 
unit-distance preserving mapping from S xy to C 2 preserves the distance between x 
and y. 

Proof. Since 1 G D2, Lemmas 4 and 5 imply that 

|(vTl/5) fc - (v^y : fc,ZG{0,l,2,...}| CD, 

Theorem 2b. If x, y G R n (n > 3) and \x - y | = + ) * • (2/n)' (fc, / are non- 
negative integers), then there exists a finite set S xy with {x, C S xy C M n such that 
each unit-distance preserving mapping from S xy to C n preserves the distance between 
x and y. 



Proof. By Lemma 2 if d G D„ (n > 2) then all distances ^A/2 + 2/n j ■ d (m = 
0, 1, 2, ...) belong to D n . By Proposition 7 for each n G {3, 4, 5, ...} there exists k(n) G 

{0,1,2,...} such that 1/2 < p(n) := (2/n) • f ^2 + 2/n J < 1. For e G D n we have 

/ \ H n ) 

e := ( a/2 + 2/n J • e G D n and d := a/2 + 2/n • e G D n . Therefore, by Lemma 1, 

if £ G D n , then p(n) • e G -D n . Since 1 G D n we conclude that all distances p(n) m 

(m = 0, 1, 2, ...) belong to D n . For each e G D n there exists m G {0, 1, 2, ...} such that 

e := p{n) m < (4/n) -e. Applying Lemma 1 for such e and for d := a/2 + 2/n • e we get: 

(*) If n G {3, 4, 5, ...} and e G £>„, then (2/n) • e G £>„• 

From Lemma 2 and (*) we obtain that for each non-negative integers k,l we have 
^a/2 + 2/n j • (2/n) 1 G -D n . This completes the proof of Theorem 2b. 
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Remark. If n G {2, 3,4, ...} and we define the set D n for / : S xy — > M. n , then D n is 
equal to the set of all positive algebraic numbers, see pT| and [T2] . 

Finally we state: 

Theorem 3. Each mapping / : M. n — > C n (n > 2) preserving unit distance preserves 
all distances i.e. satisfies 

Vx, y e W 1 <Pn(f(x), f(y)) = cp n (x, y) = \x- y\ 2 , 

provided that / is continuous with respect to the product topologies on W 1 and C n . 
Proof. Assume that x, y G M™, x ^ y. Since D n C A n : 

(1) each map / : W 1 — >• C n preserving unit distance preserves all distances belonging 
to.D n i.e. forallx,?/ G M™ if G D n then ip n (f(x), f(y)) = <f n (x,y) = \x-y\ 2 . 

By Theorem 2a 

| (7ll/5) fc • (V3 : k, I G {0, 1, 2, ...} j C 

so by Proposition 6a D 2 is a dense subset of (0, oo). By Theorem 2b for all n > 3 

| (x/2 + 2/n )* • (2/n)' : k, I G {0, 1, 2, ...} J C D n , 

so by Proposition 6b for all n > 3 D n is a dense subset of (0, oo). Therefore, for all 
n > 2: 

(2) there exists a sequence {yu} Q M n tending to y such that for all k \x — y^l G -D„. 
Since / and <p n are continuous, (1) and (2) imply that 

<Pn(f(x),f(y)) = lim ip n (f(x)J(y k )) = lim (p n (x,y k ) = <p n (x,y) = \x - y\ 2 . 

fe^oo fe^oo 
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